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Abstract 

After the work of Seiberg and Witten, it has been seen that the 
dynamics of N=2 Yang-Mills theory is governed by a Riemann surface 
S. In particular, the integral of a special differential Xsw over (a 
subset of) the periods of E gives the mass formula for BPS-saturated 
states. We show that, for each simple group G, the Riemann surface 
is a spectral curve of the periodic Toda lattice for the dual group, G^, 
whose affine Dynkin diagram is the dual of that of G. This curve is 
not unique, rather it depends on the choice of a representation p of 
G^; however, different choices of p lead to equivalent constructions. 
The Seiberg- Witten differential Xsw is naturally expressed in Toda 
variables, and the N=2 Yang-Mills pre-potential is the free energy of 
a topological field theory defined by the data Sg^p and Xsw- 
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1 Introduction 



By now, there is a rich 'phenomenology' of strong-weak couphng duahty 
constructions in supersymmetric Yang-Mills theory. Pure N=2 Yang-Mills 
theory has been analyzed, following the seminal work of Seiberg and Witten 
[0], for the groups Ag 0,0], [|], and De f^. For each group, one finds 
a Riemann surface S, together with a preferred differential Xsw, such that 
the spectrum of BPS-saturated states of electric and magnetic charges {q, g) 
satisfies 



The moduli of the Riemann surface are Casimirs of the gauge group con- 
structed out of the expectation value of the Higgs field (p. Its degenerations, 
and the monodromy of a, ao yield a great deal of information, enabling one 
to reconstruct the effective gauge pre-potential, JF. The construction of the 
surface and preferred differential has been a somewhat ad hoc procedure, and 
one would like to find a uniform presentation for all gauge groups. We will 
outline such a construction, in which the differential, Xswi and the proper 
period integrals can be obtained in a canonical and universal manner. The 
complete details will be postponed for another occasion. 

It was noticed independently by one of the present authors, and by Gorsky 
et.al. 0, that the curve appears as the spectral curve of an integrable 
system - the periodic Toda lattice. The latter group went further, pointing 
out that the Seiberg- Witten differential appears naturally in the so-called 
Whitham dynamics of adiabatic perturbations of integrable systems, and 
analyzing the SU{2) case in detail. We will show that, with a few twists, this 
framework of Whitham dynamics for the Toda lattice generates the effective 
pre-potential for all gauge groups. 

2 The Toda lattice: the curves 

The theory of integrable systems has become a rich arena for the interplay of 
dynamical systems, (loop) group theory, and algebraic geometry. The exis- 
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tence of a complete set of integrals of the motion guarantees the existence of 
a canonical transformation to action-angle variables in which time develop- 
ment is straight-line motion on a torus. In the Lax formulation, one realizes 
the flows generated by these integrals as 

f=|B..Al, (2) 

with the dynamical variables appearing as parameters in the Lax operator 
A. Integrability is a consequence of regarding as the condition for a flat 
gauge potential, so that A, B are elements of the Lie algebra g of a Lie group 
G. Group theoretically, the phase space of the system is a coadjoint orbit of 
G, typically reduced under the action of some subgroup (frequently Borel). 
Particularly interesting cases arise when G is a loop group; then A, B are 
Laurent polynomials in the loop variable z G P"*^. Given a representation p, 
the Riemann surface Sg^p defined by the characteristic polynomial 

det[p(A(^)) -X- 1] = (3) 

is invariant under the flows. The torus promised by complete integrability is 
a subspace of the Jacobian Jac(Sg^p) 0. 

The specific integrable system whose invariant curve(s) arises in N=2 
Yang-Mills theory is the periodic Toda lattice. Each affine Dynkin diagram 
[H] defines a periodic Toda lattice [0, TO] via Lax operators 



i=l 

Bfe = Tr,(A'=P) . (4) 



The notation is as follows: z is the loop variable; Tr^ denotes the trace on 
the left factor of the i?-matrix |jlT| 



F = Yl sign(a) e„ ® e_„ . (5) 

r affinc root "1 
\ system J 

The phase space variables certain product of the is left in- 

variant under the flow, so that the true dimension of the phase space is 
21 = 2 (rank (g)). The Sq,^, i = are the simple root generators of g; 
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the h i span the Cartan subalgebra. The affine root generator in (D is the 
highest (long) root for the usual untwisted Kac- Moody algebras A^l\ B^^\ 
'-'e y y -^6,7,8) , ^2 , given by 

e 

i=l 

with the integer coefficients rii for each simple root shown on the correspond- 
ing Dynkin diagram in Table 1. We will introduce the Toda lattices for 
twisted Kac-Moody algebras in a moment. 




Table 1. Dynkin diagrams for untwisted Kac-Moody algebras. The integers 
attached to each node are the Dynkin labels of the affine root. 

One might wonder how much of this data used in the linearization of the 
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Hamiltonian flows is invariantly specified. In particular, the construction of 
the spectral curve Eg^p requires the choice of a representation p that appears 
neither in the original Hamiltonian equations of motion, nor in the coadjoint 
orbit description of the phase space. Indeed, it is known |12|, |13|, |I4|, |15|, |16| 
that different choices of p lead to different but equivalent descriptions of 
the dynamics, via an algebraic correspondence (roughly, a one-to-many map 
in both directions) between any given pair of choices. This fact will be 
important to us below, for instance one can use it to relate the curves for 
SU{A) and SO{Q) Yang-Mills that have appeared in the literature P, ||, ^. 

One of the special things about the Toda lattice is that its coadjoint 
orbit is of minimal dimension 2 x rank(g); thus the constants of motion are 
in one-to-one correspondence with the Casimirs of g. The root system of g 
respects a grading determined by the eigenvalue of the Coxeter element of the 
Weyl group of g, or equivalently by the grading determined by the principal 
SU{2) subalgebra whose Cartan subalgebra generator is 5 ■ h, where 5 is 
the Weyl vector (5 = \ Y.a>Q(^)- The equation (||) will respect this grading; 
giving weight one to hi and two to a,, the coefficient of x'' in (||) must be an 
invariant of the Lie algebra of the appropriate grade, hence is a polynomial 
in the fundamental Casimirs of g. The powers of will occur at grade 
equal to twice the Coxeter number /ig, multiplied by the trivial invariant 
= n o"* alluded to above; in the Yang-Mills theory, this parameter sets the 
quantum scale. It is also useful to note that by conjugating A{z), one can 
find a matrix A{z) that satisfies {A{z)Y = A{l/z). From this it follows that 
@ is invariant under z —>■ p/z. 

The list of these curves for the classical groups with Lax operators in the 
fundamental representation is: 

Ai-. z + p/z + a;^+^ + U2a;^"^ + . . . + u^+i = 

Bi : x{z + p/z + x^^ U2X^^^-^'^ + . . . + U2t) = (7) 

Ce: z + p/z + + U2X^'^'^''^^ + . . . + U2£ =0 

Di: x'^{z + p/z) +x'^^ + U2X^^^-'^'^ + . . . + U2e-2x'^ + u^^ =0 

For Ag and De, the substitutions y = z + P{x)/2 and y = x'^z + P(x^)/2, 
respectively, convert these curves to the forms presented in |^, for A^ and 
[^] for Di] however, we will find that the natural Toda variable z is more 
convenient. 

We immediately see a problem if we are to relate the invariant curves 
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of Toda dynamics to those of N=2 Yang-Mills theory: the former have the 
affine root term n/z appearing at a grade 2/ig, whereas the latter have the 
instanton-generated term ji/z appearing at a grade 2C2(g) — 2Ki. 
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For the simply-laced groups Ag, D^, and ^'e.r.s, this distinction is irrelevant; 
hg = /ig. However, for the Toda curves of the nonsimply- laced groups B£, 
Ci, i<4 and G2, the two differ: hg 7^ k^. Fortunately, for each nonsimply- 
laced affine Dynkin diagram, there is a dual diagram with long roots short 
roots, and hg ^ Ki] these are hsted in Table 2. 



= (C^1 



Table 2. Dynkin diagrams for twisted Kac-Moody algebras dual to those of 
Table 1. 

The ADE algebras arc self-dual under this transformation. These affine alge- 
bras may be obtained as the orbifold of an untwisted Kac-Moody algebra by 
the obvious symmetry of its ordinary Dynkin diagram; thus [By^Y = ^2?-i' 
{Cf^y = (Fi^y = E^, and (G^V = Df\ where the superscript 
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(k) denotes the order of the diagram automorphism. The ordinary Lie alge- 
bra go arising from the untwisted sector is the dual of g under the operation 
roots ^ coroots. The affine root is the highest (short) root in the twisted 
sector 

e 

ao = J2 ^iO^i > (8) 

i=l 

where the coefficients mi may be read from the table. With these definitions, 
the To da curves for the dual groups are 

5/ : x{z + n/z) + x^^ + Maa;^^^"^^ + . . . + = 

C/ : {z - ^/zf + + M2x2(^-i) + . . . + = (9) 

F/: {z + ii/zf + ... + P27{x) = Q 

: 3{z - ii/zf -x^ + 2u2X^ - [ul + Q{z + li/z)]x^ + 
[m4 + 2u2{z + ii/z)]x'^ = . 

The fact that the twisted Kac-Moody algebra respects a grading under the 
'dual' Coxeter element ^ guarantees that the 'instanton' terms involving n 
will have grade [/i] = 2/ig. With the substitution y = xz + P{x'^)/2 in the 
5/ curve, one readily finds the form obtained in 0]. 

To summarize, to the Montonen-Olive dual of each simple Lie algebra g, 
we may associate a family of Toda curves Eg p whose moduli are the Casimirs 
of g, and which respect the discrete i?-symmetry of N=2 Yang- Mills. We will 
now show how one may pick out a preferred rank(g)-dimensional subspace 
of the Jacobian of Eg^p on which the fiow linearizes, and the correspondence 
between them for different p. The associated cycles on Eg ^ will be the special 
ones needed for the Seiberg-Witten construction. 



3 Spectral covers, correspondences and the 
preferred Prym: the preferred 1-cycles 

To find the spectrum of BPS-saturated states one must compute aj, aD,i from 
the periods of a Seiberg-Witten differential Xsw on the Riemann surface Eg p. 
The problem is that for all but the fundamental representation of Ae, the 
genus of Eg p is much larger than rank(g). Thus, apart from finding Xsw, 
one also needs to determine rank(g) preferred A- and -B-cycles. This issue 
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has already been encountered in the study of orthogonal groups, where the 
preferred cycles can be isolated using the involution x —x This 
method generalizes neither to higher representations nor to the exceptional 
groups. However, the general solution to this problem can be obtained using 
Toda theories. The key is to realize that the coadjoint orbit, and not so much 
the surface or its Jacobian, that contains the essential physics. It is easy to 
see why this must be so in the Toda context: There are only 2 x rank(g) 
dynamical variables, and since the equations linearize on the Jacobian, the 
Hamiltonian flows select a complex rank(g) dimensional sub-variety of the 
Jacobian of any given surface. This sub-variety turns out to be a Prym 
variety, is universal, and in particular is independent of the representation, p. 
We beheve that this Jacobian sub-variety is the one that solves the Seiberg- 
Witten problem. The purpose in this section is to give a far more usable 
characterization of this special Prym variety. 

For SU{N), the fundamental representation happens to give a curve of 
genus equal to rank(g), and thus characterizes the special Prym: it is the 
complete Jacobian of this curve. One can then find how this Jacobian sits 
inside the Jacobian of other curves by setting up a correspondence. Given 
two algebraic curves, C and C, defined by: 

F{x, z) = and F{x', z') = , (10) 

a correspondence between these curves is a multivalued holomorphic map 
given by (one or more) polynomial equations of the form (f)j{x,z,x',z') = 0, 
j = 1, 2, . . . , m. A correspondence can be used to map homology cycles and 
holomorphic differentials from one curve to another, and in particular maps 
the special Prym of C to the special Prym of C - therefore the fundamental 
representation of SU{N) generates the special Prym in any representation. 



This is discussed extensively in [|^, where the example of SU{A) in the 4 
and in the 6 is discussed in detail. Indeed, suppose that F{x, z) = defines 
the curve for the fundamental of SU{N), and F{x', z') = defines the curve 
for the two index anti-symmetric tensor of SU{N). Then a correspondence 
between these curves is given by 

z = z' and F{x — x' , z) = . (11) 

For = 4 this correspondence maps the Jacobian of the fundamental curve 
of genus 3, to a three dimensional sub- variety of the the Jacobian of the genus 
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5 curve derived using the 6 of SU{4). One can check that the corresponding 
cycles are precisely those identified in as the solution of the Seiberg-Witten 
problem for SO (6), and that \sw for one curve maps to Xsw for the other. 

This method of correspondences is subsumed in a more general group 
theoretic procedure. The first step is to view the Riemann surface (0) as a 
foliation over the Riemann sphere for z, and extend x to an analytic function 
of z. The number of leaves is then equal to the dimension of the represen- 
tation p. Leaves are connected when z takes a value at which two of the 
eigenvalues of A{z) become the same. Since the determinant (P) is invariant 
under z — fi/z, such values of z occur in pairs related hj z fi/z. At a 
generic Higgs vev (f = (0), and for finite x, the eigenvalues come together in 
pairs, and the result is a square-root branch cut running between the two val- 
ues of z at which this happens. It is now convenient to consider the element 

V ■ h of the Cartan sub-algebra of g that is conjugate to A{z). By using the 
action of the Weyl group, we will take v ■ h to be in the fundamental Weyl 
chamber. If w^^ are the weights of the representation p, then the eigenvalues 
of A{z), and hence the leaves of the foliation, are given by x = w^^^ ■ v, 
a = 1, . . . , dim{p). Since Casimir invariants are equivalent to Weyl invariant 
polynomials in the weights, it follows that in general will decompose into 
disconnected component Riemann surfaces associated with the Weyl orbits 
of the weights of p. So we will focus on one of these components. The sheets 
of the foliation will generically come together when v ■ h ceases to be a regular 
element of the Lie algebra, that is, when it hits a wall of the fundamental 
Weyl chamber. At generic Higgs vevs in the fundamental Weyl chamber, 
this happens when v ■ aj = 0, for some simple root a,. There can be also 
be "accidental" singularities where two eigenvalues come together, and yet 

V ■ h is regular. Whether this happens or not depends upon the details of the 
specific example, and even if it happens, there is a method of constructing a 
cover of the Riemann surface with accidental singularities such that the cover 
only has branch points when v ■ h ceases to be regular |TB[ . We will therefore 



ignore accidental singularities, apart from a brief comment later on. 

There are thus rank(g) branch cuts over the 2;-plane, each associated with 
a simple root of g. Above the cut corresponding to ai, leaves labelled by w^p^ 
and w^'^^ will be joined together along the cut if and only if the Weyl reflection 
generated by exchanges the the weights w^^^ and w^''\ This characterizes 
the foliation at finite values of x. There is another cut that runs from z = 
to z = cxo which determines the structure at a; = oo. Taking the limit as 
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X — > oo in and keeping the dominant terms, one finds that the result has 
the Coxeter symmetry of the dual affine Lie algebra, and that the leaves in 
the foliation are connected under the action of this symmetry. 

The whole point of this construction is that the resulting surface has a 
symmetry action of the Weyl group acting upon it. This can be used to in- 
duce a symmetry on the cycles, upon the holomorphic differentials and hence 
upon the Jacobian variety. However, even though the leaves in the foliation 
are a Weyl orbit, the Weyl representation can be (and in fact is) reducible; 
moreover, it generically contains the fundamental rank(g) dimensional reflec- 
tion representation. The preferred Prym is obtained by passing to the part 
of the Jacobian variety that corresponds to the reflection representation of 
the Weyl group. In a moment we will give an example, but we first wish to 



make the foregoing statement more precise by quoting the results of |T6| . 

Consider a principal G-bundle V X over an algebraic variety X, to- 
gether with a section of the adjoint bundle Vx^g (i.e., a Higgs vev)^. Given 
this data, one can construct [|l^, a kind of 'universal spectral cover' X 
with Galois group W, the Weyl group of G. The points of X over z E X 
can typically be identified with chambers of the dual of the unique Cartan 
subalgebra h(0(z)) containing (f){z). For instance, when G is SU{N) consid- 
ered as a matrix in the fundamental representation, a point of the fiber is an 
ordering of the eigenvalues of 4>{z). The universal cover X is independent of 
a choice of representation. 

Given a representation p : G ^ GL(y), with highest weight A, we can 
construct a surface Xx as outlined above; or we can construct a quotient 
space Xp = X/Wp, where Wp C is the parabolic subgroup that fixes A. 
If there are no accidental singularities then X\ is isomorphic to Xp, otherwise 
Xx is birational to Xp, with Xp covering Xx- Consider the group ring (i.e. 
the regular representation) of W and its decomposition into irreps Aj 

Z[W]r^®iAi®zA*. (12) 

Using ly-equivariant maps from Aj into PicX, Pryni^_ = Houiwi^i, PicX), 
one obtains decompositions of PicX and PicXp 

PicX ®, Ai®zPrym.{X) 



^Note that this construction is much more general than the consideration of a spectral 
curve and integrable flows on its Jacobian; X can be any algebraic variety, leading to the 
notion of an algebraically completely integrable Hamiltonian system. 
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PicXp- ®, Mi ® Prym^^iX) . (13) 

Here Mj is the subspace of Aj left fixed by Wp. So to any spectral curve 
Xp, there is a natural decomposition of its Prym variety under irreducible 
representations of the Weyl group. In particular, one has [|1^, 



• The Prym variety Prym^{X) corresponding to the reflection represen- 
tation A (i.e. the weight space of G) occurs with positive multiplicity in 
Pic{Xp) for any proper subgroup Wp 7^ W . 

In other words, we can always find the Cartan torus inside the Picard 



variety of the desingularization Xp of Xx- Kanev [p!5[] and Donagi[0 go on 
to construct a projection operator onto this preferred Prym. Finally, the 
integrable flows linearize on Prynij^{X) []T5| . 

Consider now the example of SU{5) in the ten dimensional representation. 
We present this example because it displays most of the features of the generic 
case (and provides a useful warmup for Eq in the 27 ). The polynomial (|^) 
is quadratic in {z + fi/z), and can be factored as 

z + n/z = U5 + {po±piy/p^)/2 ; 

Pq = llx^ + Au2X^ + Tu^x^ + (^2 — 4^4) X + M2M3 ; 

Pi = 5x^ + U2X + Ms ; 

P2 = 5a;^ + 2m2X^ + Au^x + ul - Au^ ■ (14) 

One can proceed directly and think of the surface as a four-fold cover of the x- 
plane. Counting the branch points, a simple application of Riemann-Hurwitz 
shows that the surface has genus 11. 

Following the discussion above, it is more natural to think of the surface 
as a ten-sheeted cover over the z-plane, with four branch cuts of order 1 {i.e. 
square root cuts) at finite x, and one branch cut of order 4 {i.e. x^ ~ y) 
between z = and z = 00. Label the weights of the 10, and hence the 
leaves in the foliation, by vectors of the form (1,1,0,0,0) -|- permutations 
(see Figure 1.). The Coxeter element, s, is the cyclic permutation of order 
5, and collects the weights of the 10 into two groups of 5. This specifies the 
connections between the foliations at the cut between z = and z = 00. 
For each simple root ctj, i = 1, . . . , 4, there are exactly three pairs of weights 
that are interchanged by the Weyl reflection Tq., and corresponding leaves 
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are connected in pairs, leading to 12 pieces of interconnecting plumbing. If 
one takes into account the connections from the cut z = and z = oo, 
the ten sheets connect into two disjoint two spheres, and the remaining 12 
connections, associated with the simple roots, convert this into a genus 11 
surface. The fact that we get the same answer - viewing the surface as a 
foliation over the z-plane, and as a branched cover of the x-plane using (0) 
- indicates that there are no accidental singularities. The resulting picture 
is shown in Figure 1. 

o' o' — ' — ' o" c' — ' o' — ' o' 

— ' — ' o' o" o' — ' o o' 

o o o o — ' o o -h' 

-h' o O O -h" -h" O O -h" o 




x-foliation z-plane 

Figure 1. Spectral curve for SU (5) in the 10. Typical A and B cycles of the 
Toda flow (associated to the ai cut) are indicated. 

It is relatively easy to find the refiection representation of the Weyl group 
of SU{b) inside the ten-dimensional representation of SU{5): one defines 
Xi = J2x{^ ■ o:i)vx, where V\ is the basis vector of the 10 with weight A. 
Under the action of the Weyl group on the vx, the vectors Xj transform as 
if they were the vectors ctj ■ h in the Cartan sub-algebra - indeed, the inner 
product matrix of the Xi IS db multiple of the Cartan matrix. One can easily 
check that combining leaves in the foliation in this manner is very closely 
related to action of the correspondence mapping (|T^). 

There is a natural method for identifying a preferred set of A-cycles. 
Define Ai to be lifts of the cycles that run around the Oj-cuts in the z-plane. 
Specifically, above each such cut in the 2;-plane there are three connections 
between leaves, about each of which we can draw a cycle. (The orientation 
of the cycles in the lift may be fixed by choosing it to be anti-clockwise in the 
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leaf whose weight has positive inner product with The Ai transform in 
the reflection representation of the Weyl group, and thus define the preferred 
Prym. The associated -B-cycles also arise from the 2;-plane; the obvious guess 
works - one lifts a curve that runs around z = and one of the branch 
points. That is, one can construct a curve Bi that only passes through the 
plumbing at x = cxd, and through the aj branch cuts (for fixed i), in such a 
manner that it has an intersection number +1 with the three disjoint pieces 
of Ai. One can describe this cycle, Bi, group theoretically. An unreduced 
product of elements of the Weyl group (a "word" ) can be viewed as defining 
a path by starting on some leaf and then connecting to other leaves in a 
manner defined by the basic Weyl reflections that make up the element. 
Consider Sa, = sva^, where r^. is the simple reflection of the root ai and s is 
the Coxeter element; use it to define a path which only makes connections 
through the cut, or through infinity. Since the element s^^ has order 4, 
the word s^. defines a closed loop. The result is four closed cycles, Bi, whose 
intersection numbers with the Aj are Bi ■ Aj = 3Sij. (It is important to 
choose the proper Coxeter element here.) While we have only verified this 
construction in some examples, we believe that this will provide an explicit 
construction of the preferred Prym in all generality. 

4 Topological field theory: the BPS formula 
and the N=2 Yang-Mills pre-potential 

Having constructed a Toda spectral curve with the symmetries of the N=2 
Yang-Mills effective theory, and a special Prym variety with the structure of 
Yang-Mills electric and magnetic weights, the next logical step is to look for 
natural objects in the Toda theory which correspond to the Seiberg-Witten 
differential Xsw and the gauge pre-potential. The answers are quite striking: 
First, Xsw is the action differential 'pdq' for a natural conjugate pair of Toda 
variables, so that the integrals = Xsw are action coordinates for Toda; 
second, the N=2 gauge pre-potential is the free energy = log(r) of the 
(Dubrovin-Krichever) topological field theory of adiabatic deformations on 
the moduli space of Toda dynamics!^ 

^On this last point, it was I. Krichever who stressed to us the topological field theory 
interpretation of |^ (private communication). 
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The transformation of the Toda evolution to action-angle variables pro- 
ceeds in two steps. First one defines an 'auxiliary spectrum' - the zeroes Xi of 
a fixed eigenvector ip^ of the Lax operator A. The analysis of |T^, |TB|, |T^, 



shows that these zeroes travel along the special cycles of the curve, and hence 
provide a local system of coordinates on Prym^ (via the Abel map). The 
canonical conjugate momenta Pi take the values log[2(a;j)] on the classical 
motion. The solution z{x) to P(a;, z) = 0, Eq. (^, defines the spectral curve 
Sg^p; this equation may then be interpreted as a kind of dispersion relation. 
The orbit invariants (action integrals) are 

Ji = (f log[z{xi)] dxi . (15) 

ZTX Jith A-cycle 

In the second step, one derives the angle variables as 6i = dS/dxi from the 
action 

5(x, J)= \og[z{x')] dx' , (16) 

as well as the oscillation frequencies uji = 9i = dH/dJi. The intermediate 
variables x, z are not merely useful in solving for the Toda flows; in the 
Yang-Mills theory the orbit invariants ([15|) are precisely the that enter 
the BPS mass formula! It is easy to verify that the formulae for Xsw in the 
literature on the particular groups A^j^, |], and -D^^] all take the form 

^sw = X dlog{z) ^ — log(2;) dx (17) 

when expressed in Toda variables. Hence we may identify 

Xsw = dSn[oda. ■ (18) 

We should mention that much of the work on these conjugate variables is 



specific to Ai Toda (the other classical groups are considered in ||T2[); however 
we are confident that the results are general. 

The final entry in our Toda/Yang-Mills lexicon is the effective N=2 pre- 
potential J-'{a,ao)- Its characteristic properties are 



or 

daj dai daj 
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where Xjj is the period matrix of the Riemann surface Sg_p. Given an in- 
tegrable hierarchy, Krichever^, ^ and Dubrovinp2| have constructed a 



topological field theory having precisely these properties; this topological field 
theory describes the dynamics of the Whitham- averaged hierarchy. Starting 
with the periodic motion of the original integrable system, one may ask 
whether it is possible to adiabatically perturb the integrals of motion (i.e. 
the spectral curve p) in a consistent manner - such that the slow pertur- 
bation of the integrals of motion is 'orthogonal' to the fast orbital motion. 
In other words, one wants to find a dynamics on the moduli space of the 
original system (the procedure thus has strong analogies to the quantization 
of collective coordinates, and also to low energy monopole scattering p3| ). 
This nonlinear version of the WKB method starts with an eigenfunction of 
the unperturbed problem 

^o{ta) = ^o{kata\Ul, ■■■,Ui) , (20) 

where the Ui are the moduli of the spectral curve (the constants of the mo- 
tion); then one takes an ansatz for the perturbed solution 

^{T^)=^{e-'S{T^)\u,{T^)) . (21) 

It is useful to keep in mind the usual linear WKB method, where exp[i{kx + 
cot)] is replaced by exp[iS{x,t)/e]. Taking Tq, = eta and ka = dS/dT^, the 
ansatz satisfies the equations of motion to lowest order in e. Expanding to 
next order gives a set of consistency conditions on the averaged densities Qa 
of the conservation laws 

djlfs = dpUa , (22) 

and implies Qa = d{dS) / dTa, i.e., the averaged hierarchy is again an inte- 
grable hierarchy. Dubrovin[^ and Krichever||21|| show that the tau function 
for this hierarchy satisfies the axioms of topological field theory, and has the 
properties (|TU|). Thus we may identify 

•^N=2 YM = lOg(TToda-Whitham) • (23) 



5 Discussion 

We have seen that there exists a uniform structure underlying the effective 
action of N=2 Yang-Mills theory, involving integrable systems and topolog- 
ical field theory. We have not yet understood how to derive this structure 
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from the underlying Yang-Mills dynamics. The situation is rather reminis- 



cent of the c < 1 matter- gravity theories] 24]. There one has an underly- 



ing field theoretic description involving Liouville field theory coupled to the 
matter system (at least near fixed points). It is very difficult to compute in 
this theory. However, if one is interested in global questions such as inte- 
grated correlations of order parameters, there exists an elegant solution in 
the form of r-functions, the KP hierarchy, and topological field theory]^]. 
The connection between this construction and the field-theoretic formulation 
is quite indirect. Answers to 'local' (nevertheless gauge invariant) questions, 
such as the Ising correlation function at fixed geodesic distance or the par- 
tition function at fixed surface moduli, are harder to come by; they are not 
encompassed by the integrable-topological formalism and the only tool at 
present is to resort to the field theoretic description. On the other hand, this 
zero-momentum sector contains a great deal of information about the phase 
structure of the theory. A great deal is known about the singularities of Toda 
dynamics |^ which might be adapted to the study of degenerations in N=2 
Yang-Mills [Q. 

One may contemplate a much broader applicability of the above ideas. 
Curves and Seiberg-Witten differentials for SU (2) theory with fundamental 
and adjoint matter]^, and for SU{N) with fundamental matter]^, pO|] , 
have been proposed. They have natural forms when expressed in Toda-style 
variables. Due to the discrete i?-symmetry, the effect on the spectral curve 
of adding matter is to reduce the degree of the fj,/z term from 2C2(G) = 2h^ 
to [2(72(6*) — J2iT2{pi)], with the deficit in homogeneity weight made up in 
these examples by a polynomial G{x,mi) of degree J2iT2{pi)- The obvious 
modification of the Toda Lax operator to try is to lower the grade of the 
highest weight element z~^aoeag. This will simultaneously increase the size 
of the coadjoint orbit, so that the moduli of the curve may include the rrii. 

The appearance of Kac-Moody algebras in the solution of N=2 gauge 
theories is a profound mystery. The fact that the dual of the gauge group 
G appears suggests a connection to monopole dynamics. The appearance 
of the spectral parameter (loop coordinate) z begs a physical explanation. 
This sort of structure has been encountered in = 2 supersymmetric mod- 
els in two dimensions, where the dependence of certain two-point functions 
upon couplings and scales, and even two-dimensional instanton corrections, 
is determined by some classical integrable equations (the t — t* equations) 
Following similar lines of thought, one is naturally led to consider the 
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four-dimensional version of the chiral ring, and its action on the bundle of 
Yang-Mills vacua over the base of Higgs vevs. One finds many close paral- 
lels, and some significant differences, between the two and four-dimensional 
structures, and this approach is still under investigation. The fact that there 
is a duality between two and four dimensional instanton corrections in string 
theory ||32| strongly suggests that there should indeed be a four dimensional 
version of t — t*. The appearance of affine Lie algebras also suggests that 
the level-rank dualities of WZW models might 'explain' N=l Yang-Mills 

n|, a 



dualities. In topological field theories closely related to ours ||3J, 
useful set of coordinates localizes the dynamics on the critical points (branch 
points) of the curve; this may be the convenient way to describe soft break- 
ing to N=l The soft breaking terms could be added to the Whitham 
dynamics as a secular perturbation of the flow equations (p2D 
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One might also imagine extending the scope of our construction to string 
theory. Kachru et.al. |^ have found the spectral curve of rigid N=2 Yang- 
Mills theory as a limit in the Calabi-Yau moduli space of some examples, 
but not others. The role of the periods of the Seiberg-Witten differential is 
played by periods of a three-form on the Calabi-Yau. This is not inconsis- 
tent with our results; the invariant specification of Toda as coadjoint orbit 
dynamics on a loop group makes no reference to Riemann surfaces. Notice 
also that the notions of spectral cover and analytically completely integrable 
Hamiltonian system are quite general, and not at all restricted to X being 
a Riemann surface; it is not out of the question that one could construct an 
integrable system based on Calabi-Yau manifolds that 'explains' the results 
of Kachru et.al. and that includes the effects of coupling to supergrav- 
ity. Donagi and Markman have built an integrable system canonically 
associated to any Calabi-Yau threefold, and conjecture that it is related to 
mirror symmetry (and, one might expect, all of T-duality). This Calabi-Yau 
integrable system bears many similarities to its Riemann surface counterpart 
employed above. Indeed, could there not be a grand integrable system that 
governs all the miraculous stringy dualities that have emerged? 
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